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This paper investigates the transverse and planar vibration characteristics of two-layered piezoceramic
disks for traction-free boundary conditions by theoretical analysis, ﬁnite element numerical calculation,
and experimental measurements. Amplitude-ﬂuctuation electronic speckle pattern interferometry
(AF-ESPI), laser Doppler vibrometer (LDV), and impedance analysis were used to perform measurements
and verify the theoretical solutions for extensional, tangential, and transverse vibrations. The poling
direction of piezoelectric elements determines whether they are denoted as either of series- or paral-
lel-type. This study observed that the resonant frequencies and mode shapes of the series- and paral-
lel-type piezoceramic disks present different dynamic characteristics in resonance. Planar and
transverse vibrations are coupled in series-type piezoceramic disks and uncoupled in those of parallel-
type. Good agreements of dynamic characteristics determined by theoretical analysis, experimental
measurements, and numerical calculation are presented for series- and parallel-type piezoceramic disks.
 2013 Elsevier Ltd. All rights reserved.1. Introduction full-ﬁeld voltage and displacement contours of vibration modesMiniaturized piezoelectric elements are widely used as sensors
and actuators in nondestructive testing devices, electro-optic mod-
ulators, and electro-acoustical equipment. Recently, high efﬁciency
piezoelectric energy harvesters have been applied to low power
electronic devices (Rödig and Schönecker, 2010). In the design of
such transducers, ensuring good electromechanical transfer ability
requires detailed speciﬁcations regarding vibration characteristics,
and piezoceramic disks have proven valuable in this regard. The ra-
dial, tangential, and transverse vibrations of single-layer piezoce-
ramic circular plates were analyzed using the separation of
variables method and the ﬁnite element method (FEM), and the
corresponding resonant frequencies were in good agreement with
theoretical predictions (Huang et al., 2004). Many applications use
piezoelectric disks or rings mounted on metal or ﬁber reinforced
composite as a unimorph piezoceramic structure. A piezoelectric
disk combination with a glass mirror was designed to produce
different vibration modes on a ﬂexible mirror using segmented
electrodes. The vibration contours obtained by double-exposure
holographic interferometry were used to determine the relation-
ship between excited voltage and vibration displacement
(Steinhaus and Lipson, 1979). Unimorphs (a combination of piezo-
electric polymer and Plexiglas) have been used to simulate theusing ﬁnite element analysis (Tseng and Liou, 1996). The static
and dynamic electro-elastic modeling of annular piezoceramic disk
transducers were analyzed to calculate the resonant frequencies,
anti-resonant frequencies, and electromechanical coupling coefﬁ-
cient in extension and ﬂexure couple vibrations. The results of
theoretical analysis were compared with the experimental mea-
surements obtained by impedance analysis (Chang et al., 1999).
Noncontact ultrasonic transportation was compounded by a
single-layered piezoelectric disk with segmented electrodes and a
circular plate, which formed a unimorph structure to operate in
ﬂexural vibrations. Its vibration displacement and sound pressure
were measured on the radial and thickness directions using a scan-
ning laser Doppler vibrometer (LDV) to validate FEM predictions
(Koyama and Nakamura, 2010). The FEM model of the ﬂexural
vibration mode used to analyze the piezoelectric unimorph had a
barrel structure. The modeling design for the size in FEM results
was compared with the experimental measurements of the reso-
nant frequencies and ﬂexural vibration modes obtained by scan-
ning LDV (Wang et al., 2009). Although unimorphs have proven
useful in the analysis and design of devices, piezoelectric annular
transducers based on tri-layer piezoelectric bimorphs or combina-
tions of dual-layer piezoceramic disks are more often used to
achieve relatively large mechanically vibrating deformations. This
paper studies thoroughly the vibration characteristics of two-
layered piezoceramic disks for completely free boundary condition
using theoretical analysis, ﬁnite element numerical calculation,
and experimental measurements.
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Fig. 1. Geometry and coordinate system of the two-layered piezoceramic disks: (a)
series type in series electrical connection and (b) parallel type in series electrical
connection.
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actuators and positioned control. Two or three-layered piezoelec-
tric ceramics (often called bimorphs) provide a high stiffness and
relatively large mechanical deﬂection. Huang and Huang (2010)
derived the equivalent circuit related to the ﬂexural vibration of
ﬁve-layer piezoelectric disks according to Hamilton’s principle,
and discussed the voltage gain and efﬁciency of piezoelectric
transformers operating at low frequencies. Usually, piezoelectric
ceramics can be divided into two categories: series and parallel.
In series-type (symmetric) devices, the upper and lower layers of
piezoceramics have opposite poling direction; in parallel type
(asymmetric) devices, the poling directions are the same. Lee
et al. (2000) analyzed the extensional and ﬂexural vibrations of
asymmetric piezoelectric two-layered bimorph disks of unequal
thickness and poling direction, and calculated the resonant fre-
quencies, distribution of displacement, surface charge, and static
response. The relationship between maximum displacement and
frequency bandwidth of the clamped piezoelectric disks for unim-
orphs and bimorphs was investigated analytically and using FEM
in order to understand the effect of size and the segmented parts
of the different poling piezoceramics (Papila et al., 2008). A
theoretical model was proposed for the analysis of series-and
parallel-type piezoelectric annular bimorphs under free-free and
free-clamped boundary conditions using admittance and imped-
ance matrices (Ha and Kim, 2001). However, there are few results
available in the literature for the full-ﬁeld measurement of vibra-
tion modes for multilayered piezoceramics.
The high electromechanical transfer efﬁciency of parallel-type
piezoelectric bimorphs has led to their wide application, and the
analysis of dynamic characteristics has mostly been limited to
these parallel devices. Theoretical analysis and FEM were per-
formed for a parallel-type piezoelectric circular bimorph, and
impedance analysis was used to experimentally verify the results
for clamped outer rim boundary conditions (Dobrucki and
Prichnicki, 1997). The analysis and optimization of the vibration
behavior of the parallel-type piezoceramic rings were studied
using Kirchhoff–Love plate theory and electroelastic theory (Chang
and Lin, 2003). Using impedance matrices, Kim and Ha (2003) de-
signed an ultrasonic motor operating in circumferential vibration
mode for the parallel-type piezoelectric disks with segmented
electrodes. The series-type piezoelectric bimorph was applied
through an electrical connection and the advantages have been ad-
dressed in the literature. When operated in a coercive electric ﬁeld,
series-type piezoelectric bimorphs usually display larger displace-
ment and higher reliability than parallel type (Hayashi et al., 1991).
In our previous study, we investigated the three-dimensional
coupled vibration characteristics of parallel- and series-type piezo-
electric rectangular bimorphs using parallel and series electrical
connections by experimental measurements and FEM (Huang
and Ma, 2009), respectively. In this study, the theoretical analyses
provide the good agreements with the experimental and numerical
results of resonant frequencies, mode shapes, and electromechan-
ical coupling coefﬁcients for two-layered piezoceramic disks.
In the literatures, the vibration characteristics of piezoelectric
ceramics have mostly been investigated through theoretical analy-
sis and FEM. Experimental results are provided by electrical
impedance analysis and point-wise vibrating measurement. To ob-
tain a more comprehensive understanding of the vibration charac-
teristics of two-layered piezoceramic disks, this paper compares
the theoretical solutions and FEM results with experimental mea-
surements of vibration characteristics using three techniques: (1)
Amplitude-ﬂuctuation electronic speckle pattern interferometry
(AF-ESPI); (2) Laser Doppler vibrometer (LDV); and (3) Impedance
analysis. AF-ESPI was used to determine the resonant frequencies
and corresponding mode shapes, and present the interferoimages
as fringe patterns. LDV was used to determine the resonantfrequency of transverse vibration for two-layered series- and
parallel-type piezoceramic disks; however, the extensional vibra-
tion characteristics, including resonant frequency and mode shape
were determined using AF-ESPI. The resonant frequencies of exten-
sional vibration modes were also veriﬁed using impedance
analysis. Finite element analysis was performed using the com-
mercial software package, ABAQUS. We obtained good agreements
between experimental measurements and numerical results
related to mode shape and resonant frequency. Theoretical solu-
tions were also analyzed for extensional, tangential, and transverse
vibrations and compared with the experimental and numerical
results for the series- and parallel-type piezoceramic disks.2. Theoretical analysis for two-layered series- and parallel-type
piezoceramic disks
The geometrical conﬁguration of two-layered series-type and
parallel-type piezoceramic disks in series electrical connections
are shown in Fig. 1. The origin of the cylindrical coordinates
(r,h,z) is located in the center of the disks. In series-type piezoce-
ramic disks, the upper- and lower-layer piezoceramics have oppo-
site poling directions; in parallel-type disks, the poling directions
are the same. The radius and the thickness of each piezoceramic
layer are denoted R and h, respectively, and the piezoceramic disks
are assumed to be thin (i.e. h R). In the theoretical analysis, we
adopted the system of governing equations and hypotheses to
determine the vibration characteristics of the two layered piezoce-
ramic disk presented by Rogacheva (see Rogacheva, 1994). To
derive the vibration characteristics for one piezoceramic disk with
crystal symmetry class C6mm, the piezoelectric d-form linear
constituent equations are:
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where eij, rij, Ei, and Di (i; j ¼ r; h, and z) are the components of
strain, stress, electric ﬁeld, and electric displacement, respectively.
The sEpq (p; q ¼ 1 3) are the compliance constants under a constant
electric ﬁeld, dpq are the piezoelectric constants, and erpq are the
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ferential equations of equilibrium in cylindrical coordinates are
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where ur , uh, and uz are the displacement ﬁeld in the r, h, and z
directions, respectively, and q is density. The strain–displacement
relationship can be represented as:
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The charge equation of electrostatics is
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The electric ﬁeld–electric potential relationship is
Er ¼  @u
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; Eh ¼ 1r
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@h
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where u is the electrical potential. To simplify the derivation for
piezoceramic disks, we employed the following basic hypotheses,
including the Kirchhoff–Love plate theory, in the analysis.
(I) Normal stress rzz is neglected, i.e. rzz ¼ 0.
(II) The rectilinear element normal to the middle surface before
deformation remains perpendicular to the strain surface
after deformation, and its elongation can be neglected, i.e.
ezr ¼ ezh ¼ 0, i ¼ r or h.
(III) Electrical potential varies quadratically with thickness, i.e.
u ¼ uð0Þ þuð1Þzþuð2Þz2, where uð0Þ, uð1Þ, and uð2Þ are
constants.
(IV) Electrical displacement Dz has a constant distribution across
the disk thickness.
According to the hypotheses, the electroelasticity relationship of
piezoceramic disks in the z poling direction can be expressed as:
err ¼ sE11ðrrr  mprhhÞ  d31Ez ð6aÞ
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where mp ¼  s
E
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. The stresses in terms of strain and electric ﬁeld in
the z poling directions are represented as:
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Suppose that the two-layered piezoelectric disks are driven by
an alternating voltage Veixt , where V is a constant, x is the angular
velocity, and t is the time, after the time dependent term eixt is uni-
formly suppressed, the displacement ﬁeld can be assumed to have
the following form:
ur ¼ UðrÞ þ z @W
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uz ¼ Wðr; hÞ ð8cÞ
where UðrÞ, HðrÞ and Wðr; hÞ are the radial, tangential, and trans-
verse displacements. Hence, by substituting Eq. (8) into Eq. (3),
the strain–displacement relationship can be rewritten in cylindrical
coordinates as:
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Furthermore, from hypotheses (III) and (IV), and Eqs. (6)–(8),
the second term of electric potential in the z poling direction
can be derived as
uð2Þ ¼  k
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For two-layered piezoceramic disks in a series electrically con-
nection, the electrical potential boundary conditions on the upper-
and lower-surfaces, and mid-plane can be expressed as:
ujz¼h ¼ V ; ujz¼0þ ¼V ; ujz¼0 ¼ V ; and ujz¼h ¼V ð11Þ
The electrical potential boundary conditions are similar to the
three-layered piezoelectric bimorphs (Ha, 2001; Huang, 2005).
Using the electrical potential boundary conditions and integrating
over the electric ﬁeld, the ﬁrst term of the electrical potential in the
z poling directions can be represented as:
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The electrical ﬁelds, derived from Eqs. (11) and (12), and
Ez ¼  @u@z ¼ uð1Þ  2zuð2Þ, for the upper- and lower-layered
series-type piezoceramic disks (as shown in Fig. 1(a)) are:
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for the upper-layered piezoceramic disk with the superscript (u)
and the lower-layered piezoceramic disk with the superscript (l).
Similarly, the electrical ﬁelds, which are also derived from Eqs.
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layered parallel-type piezoceramic disks (as shown in Fig. 1 (b)) are:
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Combined with Eqs. (7), (9), and (13), for the series-type piez-
oceramic disk, the stress components of upper and lower layers
are represented as
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Combined with Eqs. (7), (9), and (14), for the parallel-type piez-
oceramic disk, the stresses components of upper- and lower-lay-
ered are represented as
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This study adopted the assumption of vibration decoupled char-
acteristics between in-plane (extensional and tangential) and out-
of-plane (transverse) vibrations. We performed the method of sep-
aration of variables to analyze the dynamic characteristics of the
two-layered piezoceramic disks for extensional, tangential, and
transverse vibrations. The following derivations are presented for
the two-layered series- and parallel-type piezoceramic disks.2.1. Extensional (in-plane) vibration for series type
Substituting the stress components in Eq. (15) into the equilib-
rium equation (2a), and integrating over the thickness of the disks
provides the following expression:
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The governing equation of extensional vibration is represented as:
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The general solution for extensional vibrations in two-layered
series-type piezoceramic disk is a Bessel function of the ﬁrst kind:
UðrÞ ¼ AðsÞr J1ðaðsÞrÞ þ BðsÞr J1ðaðsÞrÞ; ð19Þ
where AðsÞr is a constant, aðsÞ ¼
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Table 1
Material properties of piezoceramic PSI-5A4E.
Property PSI-5A4E
Values
Mechanical
Density ðkg=m3Þ q 7800
Elastic modulus ðm2=NÞ YE11 6:6 1010
YE33 5:2 1010
m 0:31
Dielectric
Relative dielectric constants (@1 kHz) er33=e0 1800
er11=e0 1800
Dielectric constant in vacuum (F/m) e0 8:854 1012
Piezoelectric
Piezoelectric strain coefﬁcients (m/volt) d33
d31
d15
3:9 1010
1:9 1010
 5:5 1010
Coupling coefﬁcients k33
k31
k15
0:72
0:32
 0:55
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boundary condition at r = R, the resulting radial stress is
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From the solution of traction-free boundary conditions in Eq.
(20), AðsÞr is a constant in the solution of extensional vibration in
Eq. (19), and the characteristic equation of resonant frequencies
for extensional vibrations is
ð1 mpÞJ1ðaðsÞRÞ  aðsÞRJ0ðaðsÞRÞ ¼ 0 ð21Þ
However, if a slight difference in the piezoelectric constant ex-
ists between the upper- and lower-layer piezoceramic disks, i.e.
dðuÞ31  dðlÞ31 ¼ dd31, the solution of Eq. (20) can be rewritten as
1
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h
R
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2Vdd31
sE11ð1 mpÞ
¼ 0 ð22Þ
Hence, constant AðsÞr can be found as
AðsÞr ¼
2ð1þ mpÞdd31VR
½ð1 mpÞJ1ðaðsÞRÞ  aðsÞRJ0ðaðsÞRÞh
ð23Þ
Consequently, the characteristic equation of resonant frequen-
cies for extensional vibrations is the denominator, which is the
same as Eq. (21), presented as the denominator of Eq. (23).
In order to estimate the current of the two-layered series-type
piezoceramic disk, the electrical charge is calculated according to
the integration of electrical displacement in Eq. (6e):
Q ¼
ZZ
S
Dzds ð24Þ
By substituting Eqs. (15a), (15b), and (13) into Eq. (6e), we ob-
tain the electric charges of series-type piezoceramic disks on the
upper and lower layers, respectively:
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The electric current can be obtained from I ¼ @Q
@t , resulting in the
following:
I ¼ ix 4peT33ðk2p  1Þ
VR2
h
: ð26Þ
The resonant frequencies cannot be determined from the func-
tion of electric current I in Eq. (26). However, the resonant fre-
quency can be obtained from Eq. (21); nonetheless, the vibrating
displacement of extensional vibration (in-plane vibration) pre-
sented in Eq. (23) is not obvious because the constant AðsÞr has a
slightly difference, i.e. dd31, which would attenuate the amplitude
of the extensional vibration in Eq. (19).
2.2. Tangential vibration for series type
By substituting Eqs. (8b) and (8c) into Eq. (3), the stress compo-
nent rhz can be derived from Eq. (1) as:
rhz ¼ 1sE44
@v
@z
þ 1
r
@w
@r
 	
¼ 1
sE44
1
r
@Wðr; hÞ
@h
þ z
r
@Wðr; hÞ
@z@h
þ 1
r
@Wðr; hÞ
@r
 
ð27ÞThe governing equation of the tangential vibration has the fol-
lowing expression:Z 0
h
1
2sE11ð1þmpÞ
H
r2
1
r
dH
dr
þd
2H
dr2
 !" #
þ 2
r
1
2sE11ð1þmpÞ
H
r
þdH
dr
  	( )
dz
þ
Z h
0
1
2sE11ð1þmpÞ
H
r2
1
r
dH
dr
þd
2H
dr2
 !" #
þ 2
r
1
2sE11ð1þmpÞ
H
r
þdH
dr
  	( )
dz
þ
Z h
h
qHx2dz¼0 ð28Þ
The governing equation of the tangential vibration is repre-
sented as:
r2
d2H
dr2
þ r dH
dr
þ ð2qsE11ð1þ mpÞx2r2  1ÞH ¼ 0 ð29Þ
Similar to the extensional vibration, the general solution of tan-
gential vibrations for the two-layered series-type piezoceramic
disk is a Bessel function of the ﬁrst kind:
HðrÞ ¼ AðsÞh J1ðbðsÞrÞ; ð30Þ
where bðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2qsE11ð1þ mpÞ
q
x and AðsÞh are constants. From the trac-
tion-freeboundary conditionat r = R, the resulting tangential stress isZ h
h
rrhdz

r¼R
¼
Z h
h
1
2sE11ð1þ mpÞ
H
r
þ dH
dr
  	
dz
( )
r¼R
¼ 0 ð31Þ
Substituting Eq. (30) into Eq. (31) results in:
1
2sE11ð1þ mpÞ
h
R
fbðsÞRJ0ðbðsÞRÞ  2J1ðbðsÞRÞgAðsÞh ¼ 0 ð32Þ
By substituting Eqs. (15a), (15b), and (13) into Eq. (6e), the elec-
tric charges of series-type piezoceramic disk on the upper and low-
er layers, respectively, are presented as:
Q ðu;sÞ
Q ðl:sÞ
¼
Z 2p
0
Z R
0
Dðu;sÞz
Dðl;sÞz
rdr dh ¼
Z 2p
0Z R
0
d231
sE11ð1 mpÞ
4V
h
 2e
T
33V
h
" #
rdr dh ¼ 2peT33ðk2p  1Þ
VR2
h
ð33Þ
The electric current can be expressed as:
I ¼ ix 4peT33ðk2p  1Þ
VR2
h
: ð34Þ
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tic equation in Eq. (32):
bðsÞRJ0ðbðsÞRÞ  2J1ðbðsÞRÞ ¼ 0 ð35Þ2.3. Transverse (out-of-plane) vibration for series type
By substituting Eq. (15) into Eqs. (2a) and (2b), the equationsR h
h rrzdz and
R h
h rhzdz can be expressed through integration by
parts:
Z h
h
rrzdz ¼ 23sE11ð1 m2pÞ
þ k
2
p
12sE11ð1 mpÞð1 k2pÞ
 !
h3
 @
3W
@r3
þ 1
r2
@3W
@r@h2
þ 1
r
@2W
@r2
 2
r3
@2W
@h2
 1
r
@W
@r
 !
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Fig. 3. Vibration characteristics of series-type piezoceramic disk in series electricalZ h
h
rhzdz ¼ 23sE11ð1 m2pÞ
þ k
2
p
12sE11ð1 mpÞð1 k2pÞ
 !
h3
1
r
 1
r2
@3W
@h3
þ @
3W
@r2 @h
þ 1
r
@2W
@r@h
 !
: ð36bÞ
Then, from Eqs. (36a) and (36b) and the equilibrium equation,
Eq. (2c), and by considering the transverse displacement (out-of-
plane vibration) W(r,h) only, the governing equation can be de-
rived as:
DðsÞr4W  2qhx2W ¼ 0; ð37Þ
where the equivalent bending stiffness DðsÞ is represented as:
DðsÞ ¼ 2
3sE11ð1 m2pÞ
þ k
2
p
12sE11ð1 mpÞð1 k4pÞ
 !
h3: ð38ÞOut of plane In plane
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1 21.401 10−×
524 Hz
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connection at resonance obtained from AF-ESPI, FEM, and theoretical analysis.
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r4 ¼ @
4
@r4
þ 2
r2
@4
@r2 @h2
þ 1
r4
@4
@h4
þ 2
r
@3
@r3
 2
r3
@3
@r@h2
 1
r2
@2
@r2
þ 4
r4
@2
@h2
þ 1
r3
@
@r
 !
ð39Þ
The general solution of Eq. (37) for transverse vibrations for the ser-
ies-type piezoceramic disk is (Ventsel and Krauthammer, 2001)
Wðr; hÞ ¼ ½AðnÞzðsÞJnðcðsÞrÞ þ BðnÞzðsÞInðcðsÞrÞðPzðsÞ cosðnhÞ þ QzðsÞ sinðnhÞÞ
ð40Þ
where Jn is an nth order Bessel function of the ﬁrst kind, In is an nth
order modiﬁed Bessel function of the ﬁrst kind, and
cðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2qhx2
DðsÞ
4
s
ð41Þ
Because only even functions exist under the traction-free boundary
conditions, the solution in Eq. (40) can be rewritten as:Wðr; hÞ ¼ ½CðnÞ1ðsÞJnðcðsÞrÞ þ CðnÞ2ðsÞInðcðsÞrÞ cosðnhÞ; n ¼ 0;1;2;3; . . .
ð42Þ
where CðnÞ1ðsÞ and C
ðnÞ
2ðsÞ are constants.
For the traction-free boundary conditions in which r ¼ R, the
circumferential bending moment and the Kelvin-Kirchhoff edge
reaction (Huang et al., 2004) are given as, respectively:Z h
h
zrrrdz ¼ 0 ð43aÞ
Z h
h
rrzdzþ 1r
@
@h
Z h
h
zrrhdz ¼ 0 ð43bÞ
The linear equations can be obtained from Eqs. (43a) and (43b) as
CðnÞ1ðsÞ MðsÞnðsÞJ0nðnðsÞÞþðMðsÞn2NðsÞn2ðsÞÞJnðnðsÞÞ
h i
þCðnÞ2ðsÞ MðsÞnðsÞI0nðnðsÞÞþðMðsÞn2þNðsÞn2ðsÞÞInðnðsÞÞ
h i
¼ 2d31VR
2h
sE11ð1mpÞ
ð44aÞ
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þ CðnÞ2ðsÞ½nðsÞðNðsÞn2ðsÞ MðsÞn2ÞI0nðnðsÞÞ þMðsÞn2InðnðsÞÞ ¼ 0 ð44bÞ
where nðsÞ ¼ cðsÞR, MðsÞ ¼ 23sE
11
ð1þmpÞh
3, and NðsÞ ¼ 23sE
11
ð1m2p Þ
þ k
2
p
12sE
11
ð1mp Þð1k2p Þ
 
h3 ¼DðsÞ.
The determinant is calculated from Eqs. (44a) and (44b), such
that:DðsÞ ¼ ½MðsÞnðsÞJ0nðnðsÞÞ þ ðMðsÞn2  NðsÞn2ðsÞÞJnðnðsÞÞ
 ½nðsÞðNðsÞn2ðsÞ MðsÞn2ÞI0nðnðsÞÞ þMðsÞn2InðnðsÞÞ
 ½MðsÞnðsÞI0nðnðsÞÞ þ ðMðsÞn2 þ NðsÞn2ðsÞÞInðnðsÞÞ
 ½nðsÞðNðsÞn2ðsÞ þMðsÞn2ÞJ0nðnðsÞÞ þMðsÞn2JnðnðsÞÞ ð45ÞWhen DðsÞ ¼ 0, the characteristic equation can be used to
determine the resonant frequencies of transverse vibration. The
coefﬁcients CðnÞ1ðsÞ and C
ðnÞ
2ðsÞ can be represented as C
ðnÞ
1ðsÞ ¼
DðsÞ
C1
DðsÞ
and
CðnÞ2ðsÞ ¼
DðsÞ
C2
DðsÞ
, in which
DðsÞC1 ¼
2d31VR
2h
sE11ð1mpÞ
 ½nðsÞðNðsÞn2ðsÞ MðsÞn2ÞI0nðnðsÞÞþMðsÞn2InðnðsÞÞ ð46Þ
DðsÞC2 ¼
2d31VR
2h
sE11ð1 mpÞ
 ½nðsÞðNðsÞn2ðsÞ þMðsÞn2ÞJ0nðnðsÞÞ
þMðsÞn2JnðnðsÞÞ ð47Þ
If the bending modes of transverse vibration are shown as the dom-
inated motion for the series-type piezoceramic disk, i.e. n ¼ 0, the
ﬂexural deformations are represented as
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Furthermore, the electric charges on the upper and lower layer of
the series-type piezoceramic disk derived from Eq. (24), are respec-
tively given as
Q ðu;sÞ
Q ðl:sÞ
¼2peT33
VR2
h
ðk2p1Þþ
k2ph
3
2sE11ð1mpÞ
(
 2I1ðnðsÞÞJ1ðnðsÞÞNðsÞnðsÞI0ðnðsÞÞJ1ðnðsÞÞþ2MðsÞJ1ðnðsÞÞI1ðnðsÞÞNðsÞnðsÞJ0ðnðsÞÞI1ðnðsÞÞ

 ð49Þ
Finally, the electrical current for the transverse vibration is rep-
resented as:
I¼ ix4peT33
VR2
h
ðk2p1Þþ
k2ph
3
2sE11ð1mpÞ
(
 2I1ðnðsÞÞJ1ðnðsÞÞNðsÞnðsÞI0ðnðsÞÞJ1ðnðsÞÞþ2MðsÞJ1ðnðsÞÞI1ðnðsÞÞNðsÞnðsÞJ0ðnðsÞÞI1ðnðsÞÞ


ð50ÞThe resonant frequencies can be obtained by the roots of
denominator from Eq. (50). In addition, the resonant frequencies
of transverse vibration cannot be measured using the impedance
variationmethod. The resonant frequencies can be also determined
from the root of the characteristic equation, i.e., DðsÞ ¼ 0, when
n ¼ 0.
2.4. Extensional (in-plane) vibration for parallel type
Similar to the analysis of extensional vibration for series type,
the stress components of the parallel-type piezoceramic disk in
Eq. (16) are substituted into the equilibrium equation, Eq. (2a).
By integrating over the thickness, the governing equation of the
extensional vibration for parallel type is
r2
d2U
dr2
þ r dU
dr
þ ðqsE11ð1 m2pÞx2r2  1ÞU ¼ 0 ð51Þ
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type piezoceramic disk is represented as
UðrÞ ¼ AðpÞr J1ðaðpÞrÞ ð52Þ
where AðpÞr is a constant and aðpÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qsE11ð1 m2pÞ
q
x. Under traction-
free boundary conditions, the condition that the radial stress
resultant
R h
h rrrdz

r¼R
¼ 0 is applied to Eqs. (16a) and (52). Hence,
constant AðpÞr is given by
AðpÞr ¼
2ð1þ mpÞd31VR
½ð1 mpÞJ1ðaðpÞRÞ  aðpÞRJ0ðaðpÞRÞh
ð53Þ
The characteristic equation of natural frequencies for the exten-
sional vibration of parallel-type piezoceramic disk is expressed as
ð1 mpÞJ1ðaðpÞRÞ  aðpÞRJ0ðaðpÞRÞ ¼ 0 ð54Þ
By substituting Eqs. (16a), (16b), and (14) into Eq. (6e), the elec-
tric charges in the upper- and lower-layer piezoceramic disks areQ ðu;pÞ ¼Q ðl;pÞ ¼2peT33
k2pð1þmpÞJ1ðaðpÞRÞ
ð1mpÞJ1ðaðpÞRÞaðpÞRJ0ðaðpÞRÞ
þk2p1
" #
VR2
h
ð55Þ
The electric current for the extensional parallel-type piezoceramic
disk can be calculated as
I ¼ ix
 4peT33
k2pð1þ mpÞJ1ðaðpÞRÞ
ð1 mpÞJ1ðaðpÞRÞ  aðpÞRJ0ðaðpÞRÞ
þ k2p  1
" #
VR2
h
ð56Þ
Eq. (56) clearly indicates that the natural frequencies of exten-
sional vibration can be measured by impedance response curves.
2.5. Tangential vibration for parallel type
The tangential vibration of the parallel-type piezoceramic disk
is represented as:
HðrÞ ¼ AðpÞh J1ðbðpÞrÞ ð57Þ
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Fig. 4. The impedance response curve, and resonant and anti-resonant frequencies of series-type piezoceramic disk in series electrical connection (experimental
measurement).
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ðpÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2qsE11ð1þ mpÞ
q
x. From the trac-
tion-free boundary condition
R h
h rrhdz

r¼R
¼ 0, the characteristics
equation is expressed as:
bðpÞRJ0ðbðpÞRÞ  2J1ðbðpÞRÞ ¼ 0 ð58Þ
The electric charges for parallel-type piezoceramic disks are
represented as
Q ðu;pÞ ¼ Q ðl;pÞ ¼ 2p R
2
2
d231
sE11ð1 mpÞ
4V
h
 2e
T
33V
h
 !" #
ð59Þ
The electrical current is
I ¼ ix 4peT33 k2p  1
 VR2
h
ð60Þ
Eq. (60) indicates that electric current cannot be used to obtain the
resonant frequency of tangential vibration for parallel-type piezoce-
ramic disks.2.6. Transverse (out-of-plane) vibration for parallel type
For parallel-type piezoceramic disks, the governing equation of
transverse vibration is given as
DðpÞr4W  2qhx2W ¼ 0 ð61Þ
where the equivalent bending stiffness DðpÞ is represented as
DðpÞ ¼ 2
3sE11ð1 m2pÞ
þ k
2
p
12sE11ð1 mpÞð1 k2pÞ
 !
h3 ð62Þ
The general solution is given as
Wðr; hÞ ¼ ½CðnÞ1ðpÞJnðcðpÞrÞ þ CðnÞ2ðpÞInðcðpÞrÞ cosðnhÞ ð63Þ
where cðpÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2qhx2
DðpÞ
4
q
, and CðnÞ1ðpÞ and C
ðnÞ
2ðpÞ are constants.
Under the traction-free boundary conditions at r ¼ R, the cir-
cumferential bending moment and the Kelvin–Kirchhoff edge reac-
tion is given in Eqs. (43a) and (43b), respectively. The linear
equations can be obtained as
CðnÞ1ðpÞ½MðpÞnðpÞJ0nðnðpÞÞ þ ðMðpÞn2  NðpÞn2ðpÞÞJnðnðpÞÞ
þ CðnÞ2ðpÞ½MðpÞnðpÞI0nðnðpÞÞ þ ðMðpÞn2 þ NðpÞn2ðpÞÞInðnðpÞÞ ¼ 0 ð64aÞ
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Fig. 6. Vibrating displacement spectrum obtained by Laser Doppler vibrometer (LDV) below 20 kHz for the two-layered series-type piezoceramic disk in series electrical
connection measured on the center, inner and outer points.
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Fig. 7. Vibrating displacement spectrum obtained by Laser Doppler vibrometer (LDV) from 20 kHz to 60 kHz for the two-layered series-type piezoceramic disk in series
electrical connection measured on the center, inner and outer points.
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þ CðnÞ2ðpÞ½nðpÞðNðpÞn2ðpÞ MðpÞn2ÞI0nðnðpÞÞ þMðpÞn2InðnðpÞÞ ¼ 0 ð64bÞ
where nðpÞ ¼ cðpÞR, MðpÞ ¼ 23sE11ð1þmpÞ h
3, and
NðpÞ ¼ 23sE11ð1m2pÞ

þ k
2
p
12sE11ð1mpÞð1k
2
pÞ
Þh3 ¼ DðpÞ.
Compared with the transverse vibration of series-type piezoce-
ramic disks, Eq. (44a) is different from Eq. (64a). The slight differ-
ence is the existence of constants on the right term in Eq. (44a).
Non-trivial solutions of Eqs. (64a) and (64b) result in
DðpÞ ¼ ½MðpÞnðpÞJ0nðnðpÞÞ þ ðMðpÞn2  NðpÞn2ðpÞÞJnðnðpÞÞ
 ½nðpÞðNðpÞn2ðpÞ MðpÞn2ÞI0nðnðpÞÞ þMðsÞn2InðnðpÞÞ
 ½MðpÞnðpÞI0nðnðpÞÞ þ ðMðpÞn2 þ NðpÞn2ðpÞÞInðnðpÞÞ
 ½nðpÞðNðpÞn2ðpÞ þMðpÞn2ÞJ0nðnðpÞÞ þMðpÞn2JnðnðpÞÞ ð65ÞFor conditions in which the determinant is zero, i.e. DðpÞ ¼ 0, the
natural frequencies of transverse vibration can be determined for
parallel-type piezoceramic disks. The electric charge on the upper
and lower layer is respectively provided by
Q ðu;pÞ
Q ðl:pÞ
¼
Z 2p
0
Z R
0
Dðu;pÞz rdrdh ¼ 2peT33ðk2p  1Þ
VR2
h
: ð66Þ
Finally, the electrical current for the transverse vibration is rep-
resented as
I ¼ ix 4peT33 k2p  1
 VR2
h
: ð67Þ
Hence, the natural frequencies of transverse vibration in parallel-
type piezoceramic disks cannot be obtained from the electric cur-
rent by Eq. (67). In addition, the resonant frequencies of transverse
Table 2
First 10 resonant frequencies obtained by experimental measurements, ﬁnite element method, and theoretical analysis for two-layered series-type piezoceramic disk in series
electrical connection.
Mode ESPI Hz FEM, Hz Theory, Hz Imp, Hz LDV, Hz (center) LDV, Hz (inner) LDV, Hz (outer) LDV, Hz (average)
Error, % Error, % (FEM) Error, % (ESPI) Error, % Error, % Error, % Error, % Error, %
1 588 570 524 562 570 570 570 570
3.06 8.07 10.88 4.42 3.06 3.06 3.06 3.06
2 2370 2364 2205 2371 2380 2320 2370 2357
0.25 6.73 6.96 0.04 0.42 2.11 0.00 0.56
3 5369 5360 5021 5349 5370 5280 5300 5317
0.17 6.32 6.48 0.37 0.02 1.66 1.29 0.97
4 9532 9539 8965 9472 9480 9390 9410 9427
0.07 6.02 5.95 0.63 0.55 1.49 1.28 1.11
5 14782 14881 14037 14682 14740 14610 14700 14683
0.67 5.67 5.04 0.68 0.28 1.16 0.55 0.67
6 21111 21366 20237 20912 21350 21110 21000 21153
1.21 5.28 4.14 0.94 1.13 0.00 0.53 0.20
7 28354 28968 27564 28154 28570 28450 28340 28453
2.17 4.85 2.79 0.71 0.76 0.34 0.05 0.35
8 36676 37658 36018 36276 36840 36780 36620 36747
2.68 4.35 1.79 1.09 0.45 0.28 0.15 0.19
9 45515 47406 45600 45215 45960 45850 45640 45817
4.15 3.81 0.19 0.66 0.98 0.74 0.27 0.66
10 55342 58180 56309 54942 55600 55790 55470 55620
5.13 3.22 1.75 0.72 0.47 0.81 0.23 0.50
Average error 1.96 5.43 4.60 1.03 0.81 1.17 0.74 0.83
Table 3
Electromechanical coupling coefﬁcients (EMCC) of ﬁrst 10 resonant modes determined by theoretical analysis and measured by impedance analysis for two-layered series-type
piezoceramic disk in series electrical connection.
Mode Theory, Hz Impedance, Hz EMCC
Resonant frequency Anti-resonant frequency Resonant frequency Anti-resonant frequency Theory Impedance
1 524 588 562 638 0.450 0.473
2 2205 2276 2371 2483 0.247 0.297
3 5021 5094 5349 5471 0.168 0.210
4 8965 9039 9472 9616 0.127 0.172
5 14037 14112 14682 14891 0.102 0.167
6 20237 20312 20912 21230 0.086 0.172
7 27564 27639 28154 28568 0.073 0.170
8 36018 36094 36276 36832 0.064 0.173
9 45600 45676 45215 45969 0.057 0.180
10 56309 56385 54942 55950 0.052 0.189
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od. The resonant frequencies can be determined from the root of the
characteristic equation, i.e., DðpÞ ¼ 0 by Eq. (65).
3. Experimental techniques
3.1. Amplitude-ﬂuctuation electronic speckle pattern interferometry
(AF-ESPI)
TheAF-ESPI optical technique is a full-ﬁeld, non-contact, real-time
measurement method. Displacement resulting from static loading or
dynamicvibrationcanbemeasured inreal timefromtheout-of-plane
and in-plane setups. AF-ESPI uses a time-average method to obtain
the vibration displacement of objects in motion during the period
of a single photographic frame. The resonant frequency and corre-
sponding vibration mode shape can be measured simultaneously
using this optical system. The self-arranged optical setup formeasur-
ing in-plane and out-of-plane vibration in this study is presented in
Fig. 2. The two optical arrangements can be easily switched by block-
ing the laser beams associated with the undesired measurement
direction. The path of the laser beam for transverse (out-of-plane)
measurement is shown as a dashed (green1) line and the extensional1 For interpretation of color in Fig. 2, the reader is referred to the web version of
this article.(in-plane) measurement is shown as a solid (blue) line. The setup and
theory of the AF-ESPI are presented in a previous study (Huang and
Ma, 2009). The working principle of the AF-ESPI optical technique for
out-of-plane and in-plane vibrationmeasurements is brieﬂy described
as follows. A 35 mWHe–Ne laser (05-LHP-928, Melles Griot, Carlsbad,
CA) at a wavelength of k ¼ 632:8 nm was used as a coherent light
source. Three beamsplitters split the laser beam into four parts, which
then passed through spatial ﬁlters. For out-of-planemeasurement, one
laser beam (the object beam) was directed toward the piezoceramic
disk; the other (the reference beam) was used to illuminate the
reference plate. For in-plane measurement, two laser beams were
directed toward the piezoceramic disk. Interferoimages of the speci-
men were recorded using a CCD camera (Pulnix Company, TM-7CN)
through a zoom lens. A frame grabber card with a computer was
connected to the CCD camera to record and process the images. The
procedures of the AF-ESPI technique involved in simultaneously
obtaining the resonant frequency and mode shape are as follows.
A function generator (Hewlett Packard, HP-33120A) was used
to provide alternating signals to excite the periodic vibration of
piezoceramic disks. A power ampliﬁer (NF Electronic Instruments,
4005 type) was used to amplify the input signals to produce larger
deformations in resonance. The image processing system captured
two images of the vibrating piezoceramic disks and subtracted
them. The image on the monitor was processed by adjusting the
brightness and contrast. If the vibrating frequency was not the
Table 4
First 36 transverse resonant frequencies obtained by experimental measurements, ﬁnite element method, and theoretical analysis for two-layered parallel-type piezoceramic disk
in series electrical connection.
Mode ESPI Hz FEM, Hz Theory, Hz LDV, Hz (center) LDV, Hz (inner) LDV, Hz (outer) LDV, Hz (average)
Error, % Error, % (FEM) Error, % (ESPI) Error, % Error, % Error, % Error, %
1 292 292 290 300 290 300 297
0.00 1.03 1.04 2.74 0.68 2.74 1.60
2 620 570 525 600 610 610 605
8.06 7.89 18.10 3.23 1.61 1.61 2.42
3 678 685 677
1.03 1.31 0.30
4 1193 1212 1193 1210 1210
1.59 1.57 0.00 1.42 1.42
5 1210 1261 1176 1210 1220 1215
4.21 6.82 2.98 0.00 0.83 0.41
6 1823 1870 1837 1920 1920
2.58 1.76 0.76 5.32 5.32
7 2057 2143 2011 2080 2080 2080
4.18 6.16 2.29 1.12 1.12 1.12
8 2336 2364 2206 2380 2380 2380 2380
1.20 6.68 5.89 1.88 1.88 1.88 1.88
9 2560 2656 2605 2720 2720
3.75 1.92 1.73 6.25 6.25
10 3038 3197 3013 3060 3100 3080
5.23 5.76 0.83 0.72 2.04 1.38
11 3476 3658 3424 3540 3540 3510 3530
5.24 6.40 1.52 1.84 1.84 0.98 1.55
12 3525 3569 3497 3560 3560
1.25 2.02 0.80 0.99 0.99
13 4144 4416 4173 4190 4250 4220
6.56 5.50 0.69 1.11 2.56 1.83
14 4385 4606 4511 4330 4330
5.04 2.06 2.79 1.25 1.25
15 4943 5136 4820 4960 4940 4950
3.90 6.15 2.55 0.34 0.06 0.14
16 5131 5360 5022 5260 5240 5250 5250
4.46 6.31 2.17 2.51 2.12 2.32 2.32
17 5477 5792 5484 5470 5470
5.75 5.32 0.13 0.13 0.13
18 5555 5767 5646 5590 5590
3.82 2.10 1.61 0.63 0.63
19 6404 6788 6386 6240 6490 6365
6.00 5.92 0.28 2.56 1.34 0.61
20 6758 7247 6802 6830 6830
7.24 6.14 0.65 1.07 1.07
21 6976 7320 6944 6960 6960 6910 6943
4.93 5.14 0.46 0.23 0.23 0.95 0.47
22 8086 8609 8117 8070 8290 8180
6.47 5.71 0.38 0.20 2.52 1.16
23 8706 9312 8759 8620 8620
6.96 5.94 0.61 0.99 0.99
24 8919 9539 8966 9200 9200 9170 9190
6.95 6.01 0.52 3.15 3.15 2.81 3.04
25 9816 10592 10008 9720 9720
7.91 5.51 1.92 0.98 0.98
26 10793 11551 10887 10340 10340
7.02 5.75 0.86 4.20 4.20
27 11280 12009 11309 11410 11440 10960 11270
6.46 5.83 0.26 1.15 1.42 2.84 0.09
28 11935 12730 12055 11440 11440
6.66 5.30 1.00 4.15 4.15
29 12018 12781 12180 12220 12220
6.35 4.70 1.33 1.68 1.68
30 12941 13956 13183 13040 13040
7.84 5.54 1.84 0.77 0.77
31 13809 14881 14038 14220 14190 14205
7.76 5.66 1.63 2.98 2.76 2.87
32 14153 15026 14254 14220 14220
6.17 5.14 0.71 0.47 0.47
33 15505 16524 15642 14680 14680
6.57 5.34 0.88 5.32 5.32
34 16308 17469 16604 16380 16380
7.12 4.95 1.78 0.44 0.44
35 16360 17926 16944 16690 16720 16705
9.57 5.48 3.45 2.02 2.20 2.11
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Table 4 (continued)
Mode ESPI Hz FEM, Hz Theory, Hz LDV, Hz (center) LDV, Hz (inner) LDV, Hz (outer) LDV, Hz (average)
Error, % Error, % (FEM) Error, % (ESPI) Error, % Error, % Error, % Error, %
36 17905 19249 18261 17190 17190
7.51 5.13 1.95 3.99 3.99
Average error 5.37 4.89 1.85 1.97 1.56 1.98 1.80
Mode AF-ESPI, Hz (Volts) FEM, Hz Theory, Hz 
1
Mode
Shape
(n=2, c=0)
Frequency 292 (1.5V) 292 290
2
Mode
Shape
(n=0, c=1)
Frequency 620 (3V) 570 525
3
Mode
Shape
(n=3, c=0)
Frequency 678 (2V) 685 677
4
Mode
Shape
(n=4, c=0)
Frequency 1193 (4V) 1212 1193 
5
Mode
Shape
(n=1, c=1)
Frequency 1210 (4V) 1261 1176 
6
Mode
Shape
(n=5, c=0)
Frequency 1823 (8V) 1870 1837
Fig. 8. Vibration characteristics of parallel-type piezoceramic disk in series electrical connection at resonance obtained from AF-ESPI, FEM, and theoretical analysis.
Y.-H. Huang et al. / International Journal of Solids and Structures 51 (2014) 227–251 241resonant frequency, there would be a random distribution of
speckles and no fringe patterns would appear on the monitor.
When the vibrating frequency approached the resonant frequency,
fringe patterns corresponding to a speciﬁc vibration mode ap-
peared on the monitor. By carefully tuning the function generator,
the number of fringes increased and the fringe patterns became
clearer as the resonant frequency was approached. Thus, the reso-
nant frequency and correspondent mode shape could be obtainedsimultaneously using the AF-ESPI optical system. The fringe
patterns can be considered as the contours of constant vibration
displacement. The relationship between the intensity of light in
the image patterns obtained by AF-ESPI and the amplitude of
out-of-plane and in-plane vibration displacement can be respec-
tively expressed as
I / jJ0ðCAÞj ð68Þ
7Mode
Shape
(n=2, c=1)
Frequency 2057 (8V) 2143 2011 
8
Mode
Shape
(n=0, c=2)
Frequency 2336 (3.5V) 2364 2206
9
Mode
Shape
(n=6, c=0)
Frequency 2560 (15V) 2656 2605
10
Mode
Shape
(n=3, c=1)
Frequency 3038 (20V) 3197 3013
11 
(12)
Mode
Shape
(n=1, c=2)
Frequency 3476 (15V) 3658 3424
12
(11)
Mode
Shape
(n=7, c=0)
Frequency 3525 (15V) 3569 3497
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I / jJ0ðC0A0Þj ð69Þ
where
C ¼ 2pð1þ cos hÞ
k
ð70Þ
and
C0 ¼ 4p sin h
0
k
ð71Þ
in which A and A0 are the out-of-plane and in-plane vibrating ampli-
tude, respectively, h is the angle between the object beam and the
observed direction, and h0 is half of the angle between the two laser
beams used in the in-plane setup.
It should be noted that the mode shape fringes obtained by AF-
ESPI provide qualitative as well as quantitative full-ﬁeld displace-
ment measurements. The vibration displacement obtained from
the AF-ESPI method is on the order of the sub-micrometer. The
vibration displacement of mode shapes measured using AF-ESPI
was proven by Ma et al. (2007) to be the same as that measuredusing point-wise LDV. The related amplitudes of vibration displace-
ment Ai and A
0
i, i = 1, 2, 3, 4. . ., n for the ith dark (bright) fringe in the
mode shapes, can be quantitatively calculated according to the roots
of J0ðCAÞ ¼ 0 and J0ðC0A0Þ ¼ 0 (the local maximum of J0ðCAÞ and
J0ðC0A0Þ) for out-of-plane and in-plane vibration, respectively. In
the experimental setup, we used the angle of optical measurement
h ¼ 17	 for out-of-plane vibration and h0 ¼ 60	 for in-plane vibra-
tion system. The wavelength of the He-Ne laser was k ¼ 632:8 nm.
The vibration amplitudes used for the out-of-plane measurement
of the ﬁrst seven dark (bright) fringes were Ai = 0, 0.197, 0.361,
0.524, 0.686, 0.848 and 1.010 lm (0.125, 0.284, 0.446, 0.607,
0.769, 0.930, 1.092 lm), for i = 17. The vibration amplitudes used
for the in-planemeasurement of the ﬁrst seven dark (bright) fringes
were A0i = 0, 0.223, 0.408, 0.592, 0.775, 0.958 and 1.141 lm (0.140,
0.321, 0.503, 0.686, 0.868, 1.051, 1.233 lm), for i = 1–7. The nodal
line, which is the zero vibrating displacement, corresponds to the
brightest fringe. The amplitudes of vibration displacement obtained
using the AF-ESPI method can be evaluated by counting the number
of fringes. Hence, the fringe patterns obtained from the AF-ESPI
method provide qualitative observations and full-ﬁeld quantitative
measurement of vibration displacement related to mode shape.
13
Mode
Shape
(n=4, c=1)
Frequency 4144 (30V) 4416 4173
14
Mode
Shape
(n=8, c=0)
Frequency 4385 (30V) 4606 4511 
15
Mode
Shape
(n=2, c=2)
Frequency 4943 (12V) 5136 4820
16
Mode
Shape
(n=0, c=3)
Frequency 5131 (18V) 5360 5022
17
(18)
Mode
Shape
(n=5, c=1)
Frequency 5477 (30V) 5792 5484
18
(17)
Mode
Shape
(n=9, c=0)
Frequency 5555 (25V) 5767 5646
Fig. 8 (continued)
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The LDV (AVID, by Ahead Optoelectronics Inc., Chung-Ho, Taipei,
Taiwan) is a pointwise vibrating displacementmeasurement device
with extremely wide bandwidth and ultra-high resolution. The
optical system is based on the principle of a Michelson interferom-
eter and the Doppler effect. The focal length of the lens is 90 mm,
and the size of the laser spot is 52 lm. The AVID system, which uses
circular polarization interference, differs from acoustic optical
modulators by avoiding the inﬂuence of radio frequency electro-
magnetic interference. The AVID system is capable of measuring
dynamic displacement and vibration response using swept-sine
excitation signals. The swept-frequency response curve is obtained
using built-in LabVIEW software processing the input/output sig-
nals of a RS-232 connection between the function generator and
personal computer. The resonant frequencies of out-of-plane vibra-
tion can be obtained according to the peak values in the frequency
response curve measured by the LDV system. Although vibration
displacements can be measured using the LDV system, this
approach is time consuming when seeking full-ﬁeld vibration dis-placements. The optical system and working principle of the AVID
used in this study were described in detail by Lee and Wu (1999).
3.3. Impedance analysis
Electric impedance is an important characteristics when dealing
with piezoelectric materials. The resonant frequency and anti-res-
onant frequencies of piezoelectric transducers are generally mea-
sured through impedance analysis. In this study, the impedance
response curves of series- and parallel-type piezoelectric disks
were obtained using an impedance analyzer (HP-4194, Hewlett
Packard, Palo Alto, CA) ranging from 100 Hz to 40 MHz. The reso-
nant (anti-resonant) frequencies were obtained by impedance
analysis from the local minimums (maximums) in the response
curve for the piezoceramic disks. An electromechanical model
related to impedance and velocity was established by Zhou et al.
(1995) to demonstrate this interaction and was applied by Bhalla
and Soh (2004) to monitor structural health.
In the following, the resonant frequency of in-plane vibration
determined by impedance analysis is compared with the results
19
Mode
Shape
(n=3, c=2)
Frequency 6404 (25V) 6788 6386
20
(21)
Mode
Shape
(n=1, c=3)
Frequency 6758 (25V) 7247 6802
21
(22)
Mode
Shape
(n=6, c=1)
Frequency 6976 (30V) 7320 6944
22
(24)
Mode
Shape
(n=4, c=2)
Frequency 8086 (25V) 8609 8118 
23
(26)
Mode
Shape
(n=2, c=3)
Frequency 8706 (20V) 9312 8759
24
(27)
Mode
Shape
(n=0, c=4)
Frequency 8919 (30V) 9539 8966
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retical and FEM analysis. The anti-resonant frequency is also mea-
sured using impedance and calculated by theoretical analysis. The
electromechanical coupling coefﬁcient (EMCC) is the planar dy-
namic factor kd, deﬁned as (Meitzler et al., 1996)
kd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2a x2r
p
xa
ð72Þ
Here, xa and xr are the resonant and anti-resonant frequencies
of the extensional vibration mode, respectively.
4. Comparison of theoretical, experimental, and numerical
results
The piezoceramic disks used in this study were provided by
Piezo System Inc. (Cambridge, MA). The series-type piezoceramic
disk (model numbers: T216-A4NO-573X) and parallel-type (T216-
A4NO-573Y) have a radius of R ¼ 31:5 mm, and the thickness of a
single layer is h ¼ 0:19 mm, as indicated in Fig. 1. Two thin layersof the same piezoelectric ceramic were bonded together. The only
difference between the series- and parallel-type piezoceramic disks
is the polarization between the two devices. The electrical connec-
tions of the series and parallel type piezoceramic disks are shown in
Fig. 1(a) and (b), respectively. Table 1 lists thematerial properties of
the piezoceramic materials (model number: PSI-5A4E) provided by
Piezo System Inc. The material constants and geometric conﬁgura-
tions of the piezoceramic disks were used to calculate the results
from the theoretical solutions and FEM simulations. Finite element
numerical computation of resonant frequencies, correspondent
mode shapes, and normalized displacement were performed using
the ABAQUS commercial package, in which three-dimensional
piezoelectric elements (C3D20RE) were selected to analyze the
problem. The C3D20RE elements are 20-node quadratic bricks,
reduced integration, and three-dimensional continuum stress/
displacement piezoelectric elements. We employed 3722 elements
with 26552 nodes to analyze the problem. In the following, we
discuss the vibration characteristics of the piezoceramic disks with
regard to theoretical analysis, numerical calculation by FEM, and
experimental measurements using AF-ESPI, LDV, and impedance.
25
(29)
Mode
Shape
(n=5, c=2)
Frequency 9816 (25V) 10592 10008
26
(31)
Mode
Shape
(n=3, c=3)
Frequency 10793 (30V) 11551 10887
27
(33)
Mode
Shape
(n=1, c=4)
Frequency 11280 (30V) 12009 11309 
28
(34)
Mode
Shape
(n=6, c=2)
Frequency 11935 (25V) 12732 12055
29
(35)
Mode
Shape
(n=9, c=1)
Frequency 12018 (25V) 12781 12180
30
(37)
Mode
Shape
(n=4, c=3)
Frequency 12941 (30V) 13956 13183
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nant frequencies and the mode shapes obtained from the AF-ESPI,
FEM and theoretical results for the ﬁrst 10 vibration modes of the
series-type piezoceramic disk with a series electrical connection
(Fig. 1(a)) under free boundary condition are shown in Fig. 3. The
brightest regions of mode shapes in the AF-ESPI results are the no-
dal lines, and the other dark fringes are contours of constant vibrat-
ing displacement. The corresponding magnitude of each fringe is
described in Section 3.1. For the FEM (theoretical) results, the
transition region from dashed to solid (or dark to light) lines
(represented as bold, black lines in the mode shapes), is the zero-
displacement line (a nodal line). If solid (dark) lines denote the
convex displacement, then the dashed (light) lines indicate the
concave displacements; that is, the dashed and solid (or dark to
light) lines indicate displacement in opposite directions. Hence,
the mode shapes obtained from experimental results can be
directly veriﬁed by comparing the nodal lines and fringe patterns
with FEM calculations and theoretical analyses. The excited
voltages obtained from the AF-ESPI experimental measurements
and the normalized displacements predicted by the FEM andtheoretical analysis are also shown in this ﬁgure. It is evident from
experimental results, FEM predictions, and theoretical solutions
that out-of-plane modes are the dominant modes and more easily
excited (an applied voltage between 0.05 and 6 volts leads to a nor-
malized displacement of 1) than the in-plane modes (an applied
voltage between 0.4 and 50 volts leads to a normalized displace-
ment between 1:401 102 and 9:979 102). The experimental
measurements, FEM, and theoretical results are in good agreement
in terms of resonant frequency, mode shape for the out-of-plane
vibration mode. Fig. 3 indicates that all the mode shapes associated
with transverse vibration is bending deformation presented as
nodal circles. No nodal diameter presented as torsional deforma-
tion is observed in the experiment. However, the mode shapes of
extensional vibration in experimental measurements differ from
the FEM predictions and theoretical results. The in-plane vibration
mode measured from AF-ESPI is the same as that for the
out-of-plane mode. This is because the dominant out-of-plane
vibration is very easy to be excited and has the displacement com-
ponent along the in-plane direction due to the three-dimensional
effect.
31
(39)
Mode
Shape
(n=0, c=5)
Frequency 13809 (40V) 14881 14039
32
(41)
Mode
Shape
(n=7, c=2)
Frequency 14153 (15V) 15026 14255
33
(43)
Mode
Shape
(n=5, c=3)
Frequency 15505 (20V) 16524 15642
34
(47)
Mode
Shape
(n=8, c=2)
Frequency 16308 (15V) 17469 16605
35
(48)
Mode
Shape
(n=1, c=5)
Frequency 16360 (50V) 17926 16945
36
(49)
Mode
Shape
(n=6, c=3)
Frequency 17905 (20V) 19249 18262
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measured using an impedance analyzer and LDV. It also can be
analyzed by theoretical solutions. Figs. 4 and 5 show the frequency
response curve of the series-type piezoceramic disk, respectively,
measured using impedance analysis and presented by theoretical
prediction from 100 Hz to 60 kHz. The LDV measurement was per-
formed by applying 5 volts at three points (center (C), inner (I), and
outer (O) points) for the evaluation. Figs. 6 and 7 show the fre-
quency spectrum of the out-of-plane vibration from 10 Hz to
20 kHz and from 20 kHz to 60 kHz, respectively. The center of
the disk has the greatest vibration displacement. Table 2 lists the
resonant frequencies obtained by AF-ESPI, LDV, impedance analy-
sis, FEM, and theoretical analysis for the series-type piezoceramic
disk. It is interesting to note that the resonant frequencies of out-
of-plane and in-plane vibrations measured form AF-ESPI, LDV
and impedance are in excellent agreement, as indicated in Table 2.
Hence, the experimental results clearly illustrate the coupling
characteristics for out-of-plane and in-plane vibrations in this case.
Table 2 shows slight differences in the resonant frequencies (lessthan 5.13%) between the experimental and FEM results. The larger
discrepancy between theoretical and FEM analysis is due to the
assumption that the series-type piezoceramic disk was analyzed
using the separation of variables method for uncoupling vibration
characteristics. The theoretical analysis using the proposed analyt-
ical method is more applicable in the case of the parallel-type piez-
oceramic disks in a series electrical connection. Table 3 lists the
resonant and anti-resonant frequencies obtained by impedance
and theoretical analysis, and the electromechanical coupling coef-
ﬁcients (EMCC) are calculated by Eq. (72). It is worthy to note that
the impedance curves and EMCC can be calculated using analytical
solution and obtained by impedance analysis. Excellent agreement
of EMCC is indicated in both experimental and theoretical results.
However, the FEM can only provide the results for resonant fre-
quencies and mode shapes. In the following, the vibration charac-
teristics of parallel-type piezoceramic disks are discussed in detail.
The 36 resonant frequencies and mode shapes associated with
out-of-plane vibration obtained by AF-ESPI measurement, FEM,
and theoretical analysis for the parallel-type piezoceramic disk
Table 5
First 5 extensional resonant frequencies obtained by experimental measurements,
ﬁnite element method, and theoretical analysis for two-layered parallel-type
piezoceramic disk in series electrical connection.
Mode ESPIHz
FEM, Hz Theory, Hz Impedance, Hz
Error, % Radial
mode shape
Error, %
(FEM)
Error, %
(ESPI)
Radial
mode shape Error, % 
1 32088
31769 31770 32070
-0.99 0.00 -0.99 -0.06
2 83142
83341 83347 83123
0.24 0.01 0.25 -0.02
3 131682
132521 132535 131708
0.64 0.01 0.65 0.02 
4 179956
181354 181380 179980
0.78 0.01 0.79 0.02 
5 225816
230062 230107 226650
1.88 0.02 1.90 0.37
Average error 0.91 0.01 0.92  0.10 
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surement is below 20 kHz. It should be noted that all of the out-
of-plane modes (36 modes) could be excited for the parallel type
within this range; however, only the modes (ﬁve modes) with no-
dal circles could be excited for the series-type piezoceramic disks.
Bending and torsional modes can be measured by AF-ESPI; there-
fore, the mode shapes present both the nodal circles as well as
the nodal diameter. The values of nodal diameters (n) and nodal
circles (c) are also presented. In theoretical analysis, the eigenvalue
is determined by the values for the nodal diameter and nodal circle
when obtaining the resonant frequencies. The excited voltages cor-
responding to the mode shapes in experimental measurement are
indicated in parentheses following the value of the resonant fre-
quencies. Larger excited voltage (1.5 to 50 V) should be applied0 2000 4000 6000 8000 10
Frequency
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Fig. 9. The impedance response curve of the two-layered parallel-typto obtain sub-micrometer vibration displacement. The mode num-
bers were determined according to the vibration modes from AF-
ESPI measurement. The mode number in parentheses is the result
of ranking these values by FEM. The results of mode shapes and
resonant frequencies between the AF-ESPI measurement, FEM pre-
diction, and theoretical analysis were consistent. However, the re-
sponse curve obtained by impedance analysis smoothly decays
below 20 kHz, as shown in Fig. 9. This illustrates that there is no
in-plane motion at resonance, which is also in agreement with
AF-ESPI measurement. In pointwise LDV measurement, the fre-
quency spectrum of out-of-plane vibration was measured for par-
allel-type piezoceramic disk at points, as shown in Fig. 10. An
enlargement of the LDV measurement is shown in Fig. 11. Even
out-of-plane resonant frequencies can be still obtained using LDV
for parallel type; the electromechanical coupling efﬁciency at res-
onance is less than that for the series type. The maximum vibrating
displacement is approximately 0.15 lm/V for parallel type and
6 lm/V for series type. Table 4 lists 36 resonant frequencies of par-
allel-type piezoceramic disk obtained by AF-ESPI, LDV, FEM, and
theoretical analysis, presenting good agreement between experi-
mental, theoretical, and FEM results. Due to the uncoupled charac-
teristics of out-of-plane and in-plane vibrations in the parallel-type
piezoceramic disk, the resonant frequencies obtained from theo-
retical analysis are in better agreement with FEM than those of ser-
ies type.
The mode shapes, resonant frequencies, and excited voltages of
extensional vibrations obtained by AF-ESPI measurement, FEM,
and theoretical analyses are presented in Fig. 12. The response
curves obtained by the impedance analyzer (below 250 kHz) for
both series- and parallel-type piezoceramic disks are shown in
Fig. 13. Fig. 14 shows the impedance response curve determined
by theoretical analysis. It should be noted that in Figs. 13 and 14,
the in-plane vibration characteristics from the impedance analysis
differ between series-type and parallel-type piezoceramic disks in
the high-frequency range. The variations in the impedance curves
for the series type are much smaller than for the parallel type. This
indicates that in-plane vibration is the dominant motion in the
higher frequency region and the out-of-plane vibration is the dom-
inant motion at lower frequencies; in other words, uncoupled000 12000 14000 16000 18000 20000
 (Hz)
e piezoceramic disk in series electrical connection below 20 kHz.
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Fig. 10. Vibrating displacement spectrum obtained by Laser Doppler vibrometer (LDV) below 21 kHz for the two-layered parallel-type piezoceramic disk in series electrical
connection measured on the center, inner and outer points.
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Fig. 11. Enlargement of the vibrating displacement spectrum obtained by Laser Doppler vibrometer (LDV) below 21 kHz for the two-layered parallel-type piezoceramic disk
in series electrical connection measured on the center, inner and outer points.
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Table 5 lists the resonant frequencies of extensional vibration
obtained by AF-ESPI, impedance analyzer, FEM, and theoretical
analysis for the parallel-type piezoceramic disk. The anti-resonant
frequencies can be calculated only using analytical solution
and obtained by experimental measurement. Table 6 lists the
resonant and anti-resonant frequencies, and EMCC obtaining from
theoretical analysis and impedance. Excellent agreements between
the two experimental measurements, theoretical analysis, and
ﬁnite element numerical calculation are found in Tables 5 and 6.
The resonant frequencies of tangential vibration, (below 250 kHz)
obtained by theoretical and FEM analyses are listed in Table 7,
showing good consistency between the theoretical solutions and
FEM results.The uncoupled characteristics of out-of-plane and in-plane
vibrations for parallel-type piezoceramic disks, (Figs. 8–14), are
similar to those of single-layer piezoceramic circular plates
(Huang et al., 2004). In addition, the applied voltage required to
excite the same mode for the series type (modes 1 to mode 5
shown in Fig. 3) is much smaller than that for the parallel type
(modes 2, 8, 16, 24, and 31 shown in Fig. 8). In this investigation,
we recorded the excitation voltage for similar fringe patterns
using AF-ESPI measurement for out-of-plane vibration modes.
This shows that the series-type piezoceramic disks are capable
of producing greater deformation than the parallel type for the
out-of-plane vibration with the same voltage. However, more
out-of-plane vibration modes can be excited using the parallel-
type piezoceramic disk.
Mode AF-ESPI, Hz (Volts) FEM, Hz Theory, Hz 
1
Mode
Shape
Frequency 32088 (25V) 31769 31770
2
Mode
Shape
Frequency 83142 (30V) 83341 83347
3
Mode
Shape
Frequency 131682 (40V) 132521 132535
4
Mode
Shape
Frequency 179956 (40V) 181354 181381
5
Mode
Shape
Frequency 225816 (60V) 230062 230107
Fig. 12. Extensional vibration characteristics of parallel-type piezoceramic disk in series electrical connection at resonance.
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Fig. 13. The impedance response curve of the two-layered series- and parallel-type piezoceramic disks in series electrical connection.
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Fig. 14. The impedance response curve obtained by theoretical analysis for parallel-type piezoceramic disks in series electrical connection.
Table 6
Electromechanical coupling coefﬁcients (EMCC) of ﬁrst 5 resonant modes determined
by theoretical analysis and measured by impedance analysis for two-layered parallel-
type piezoceramic disk in series electrical connection.
Mode Theory, Hz Impedance, Hz EMCC
Resonant
frequency
Anti-
resonant
frequency
Resonant
frequency
Anti-
resonant
frequency
Theory Impedance
1 31770 39033 32088 39010 0.581 0.569
2 83347 86197 83142 86290 0.255 0.268
3 132535 134336 131682 134733 0.163 0.212
4 181380 182699 179956 183490 0.120 0.195
5 230107 231147 225816 232275 0.095 0.234
Table 7
First 8 tangential resonant frequencies obtained by ﬁnite element method, and
theoretical analysis for two-layered series- and parallel-type piezoceramic disks in
series electrically connection.
Mode
yroehTMEF
Tangential 
Mode Shape Frequency, Hz
Tangential 
Mode Shape 
Error, % 
(FEM) 
1 46640
46634
-0.01 
2 76442
76432
-0.01 
3 105527
105513
-0.01  
4 134373
134354
-0.01  
5 163110  
163082
-0.02  
6 191790
191751
-0.02  
7 220438
220382
-0.03  
8 249072
248990
-0.03 
Average error 0.01
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This study investigated the dynamic characteristics of two-lay-
ered piezoceramic disks with completely free boundary conditions
at resonance. We used the AF-ESPI method to determine the reso-
nant frequencies, corresponding mode shapes, and excited voltages
of transverse (out-of-plane) and in-plane vibrations (extensional)
for series- and parallel-type piezoceramic disks. We compared
three experimental results with theoretical solutions and FEM cal-
culations to comprehensively determine the vibration behavior for
both series- and parallel-type piezoceramic disks with a series
electrical connection.
The out-of-plane and in-plane vibrating motions for series-type
piezoceramic disks in series connection were investigated mainly
through experimental measurement using AF-ESPI. Only the bend-
ing deformations of out-of-plane modes (in which the fringe pat-
terns are circles) can be easily excited applying low voltages. The
in-plane vibration motions obtained from AF-ESPI were actually
images of corresponding out-of-plane modes. Impedance analysis
revealed variations resulting from larger in-plane motions induced
in series-type piezoceramic disks at lower frequencies. The local
minima in the impedance curves correspond to the resonant fre-
quencies that are in good agreement with the results measured
from the LDV for out-of-plane motion. The resonant frequencies
and mode shapes predicted by FEM are also consistent with the re-
sults of the three experiments. A coupling of out-of-plane and in-
plane vibrations at the same resonant frequency for series-type
piezoceramic disk was observed at lower frequencies. The resonant
Y.-H. Huang et al. / International Journal of Solids and Structures 51 (2014) 227–251 251frequencies analyzed by theoretical analysis have discrepancies
between the results of the three experimental measurements and
FEM calculations. However, the electromechanical coupling coefﬁ-
cients and impedance curve can be calculated by theoretical anal-
ysis and show excellent agreement with experimental results.
For parallel-type piezoceramic disks in series connection, larger
voltages must be applied to excite the vibration modes at reso-
nance. Both the bending and torsional out-of-plane modes were
observed using AF-ESPI, in which no in-plane motion was identi-
ﬁed below 20 kHz. However, a greater number of out-of-plane
modes (36 modes) for parallel type were excited, compared with
series type (5 modes) in the similar lower frequency range (i.e., be-
low 20 kHz). According to the experimental results of the parallel-
type piezoceramic disk, the out-of-plane resonant frequencies
measured by AF-ESPI correlate well with LDV. At lower frequen-
cies, the measured results of impedance analysis show only a
smooth decay curve. This is consistent with the AF-ESPI results
in which no in-plane mode was found for parallel type below
20 kHz. In-plane vibration was observed using AF-ESPI and imped-
ance analysis (from 30 kHz) for parallel-type piezoceramic disks.
The resonant frequencies for in-plane vibration were obtained
from the local minima of the response curve from the impedance
analysis over the frequency range of 30–250 kHz. Numerical
calculation of resonant frequencies and mode shapes based on
the FEM are also in excellent agreement with experimental tech-
niques. This study obtained good consistency between the three
experimental measurements and the two theoretical calculations
for parallel-type piezoceramic disks. The dynamic characteristics
for parallel-type piezoceramic disk in series connection were sim-
ilar to those of single-layer piezoelectric circular plates. Hence, we
conclude that the coupling phenomenon is not presented in paral-
lel-type piezoceramic disks. The impedance curves, resonant and
anti-resonant frequencies can only be obtained by impedance
and theoretical analysis. The correspondent mode shapes with
nodal diameters and nodal circles can be solved by analytical
solution. All of the vibration characteristics, which are obtained
from experimental measurements, can be provided by analytical
solution. The theoretical results presented in this article provide
the complete information for resonant vibration of piezoelectric
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